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2 1 Absolute Values

Formalizing size

Definition
For a field k an absolutevalue on he is a function

lol k Rzo such that

i 1 1 0 iff 0

ii lxy1 1 11yl forall x yEk
iii IxtylE hiltlyl triangleinequality
Wesay an absolute value It is nonarchimedeave it also
in Ixtyl Imax 1 1 lyl Note iv iii

Example 0 k Cl For 2 at bi a beR

171 off Itb
ok n
il i f

rifkin Ii
fix

u



Example 1 k Q The usual absolute value

1 1
X if o

x if so

Examplepm
k Q Want highly divisibleby p small
Wemeasure divisibility by p with a valuation

up I 03 IR
as follows Foreach n EI E03 let Upcn be the

unique integers
pvp with

pHn
Examples
n 200 200 8vjc202oo.fi

Y IiI200 23.25 z 3

Weextend up to via

Vp fo up a up b

and set upfo

Examples
3



c ples

3 200
357.75 67 2

VyCx
23.3125 vzCx 3

Prop 1 let x ye Q
1 up xy upCx tuply

lobe 2 VpCity 7 min upCx upCgl
log

Proofsketch suppose x y C IN

1 x p n y p ng

2 WLOG VpCx Up y
ty pup n

t p my
PVP'T p

Vpl FY n y t n y

False for co ad
up VpCy

We now define anabsolute value inwhich

highly divisibleby p small We set

help p
VP if x to

101p O

Examples
131200 5 52 25



s
1312001g 3 1 1 3

patalanta 14 541g 5 4 1 625step
Atalanta I 1 2102 2 1024
step

So if p 2 then E is

Prop 2

I Ip is an absolute value and it is nonarchimedean

Proof p
Proposition1

2.2 Nonarchimedean Journey



y
Thesemetrics have cool features

Prop3 All Qs are isosceles

µ'y
l f I't is a nonarchimedean absolutevalue then
if 1 1441 then Ixtyl Max 1 1 ly l

1 1

Proof WLOG suppose 1 1 lyl Then

Ixtyl E 1 1 1xty ylemaxllxtyl.lyI

1 1 1xtyl Da

Very different from arch abs value
Arch Ex Atalanta running 1 on at a time

IT II 2

little 24 max I I

Monarch easy to calculate sometimes

11 15
5 max 111,15113 1

1 15

14 51454g max 1451,14521 I



I s
l 5 1152

1,1
t
4,15 151 If max 1111,1413

Ajourney of a thousand meters

wieman I

J s

OshinW 2

I I

Prop4
Let k be a field and let to be the unique
nonzero ring homomorphism I 7k which
sends n 1 7 I t l t 1 1 Then an absval l l

n times
is nonarchimedean iff l d n l E Un EI

p adic integers are x CQpwith 1 1p E l



Proof induction on n Intl Emax In1,13El iv

byprevious reasoning ETS 1 111 E max
1 413

hittin t.EC lxi eE.o1lnilllxilfEolxli4nthmax4lxi

so 1 111E ntl max El 1 13 Takefigs

In archimedeannorms integers canbearbitrarily large

2.3 Having a Ball

Definitions For x y
Ek and I I an abs v al on k

thedistance between x y is dIx y IX yl
the openballcenturedatxwithradia is

BC r 2 Ek Iz x Kr
theclosedballcenteredat withradius r is

Beecx r z Ek Iz x Kr



Examples Stone ett of Q t13 open

5 ball ofradius 1

2 8 closed

ball of radius

3 4
q to
018 G l g 7

Prop 4 Amazing ball facts let xEk let 11 monarch abs.ua
and let r E R o

1 If z E B Ix r then B X r BCz r
r Bl x r is closed
3 Balt r is open
4 If 2 E k and sCIR o with 5 Er then if

136,1AB Iz s to then BCz g E B x r

Proof I 3 exercise
4 let w E BR r A BIZ s

Bci.rs Bins
26
8 17
20 23
211 514

24 25
6 IS 716
18 21 19 22
O 9 3 12 I10413



2 4 CommonValues
Is this justsome anomalous outlier

Definition Wesay two abs.uaIs l l and I't on k are

equivalent if 72 C IR o s t tx Ek 1 11 1 14

Morecharacterizations exercise

Ostrowski'sTheorem

Fvery nontrivial absolute value 11 on Q1 is equivalent
to 1Ip forsome prime p if t l isnonarchimedean or I I

if 1.1 is nonarchimedean

Proofsketch
Suppose l l is archimedean
let no bethe least ett ofN S t Inot 1 and letters t

lnot no
We'llshowthat for thisd

Int nd t n E IN
The result will follow bymultiplicativity So let new
Wewrite n botbnotbanft tbp.no with a bitno
So I n l E Ibd t lb Inodtlbzlnokt.it bk1nokd

E I t nod t no t t noted

not geom series



It
C 70

E C nd
doesn'tdependon n

So VN E N
l n N I E C nNd

pn I f n

Other direction similar Boundtermstake limit

Suppose l l is nonarchimedean
Let no bethesmallest ett of 1N o s t Inolo't

Bymalt i nonarch nomustbe prime letscall it p
If pyn then 3 ke Z s n Rp tr with Osr p

I n l IkptrltmaxElkpl.ir13U
1 1

1

Lastly any n EN o c a bewritten as

n p n w ith pk n and so

In 1 Ipl Da

Notonly do we knowall absolutevalues butthey fit
together beautifully

ProductFormula for any EQ we had

1 1 Tt help 1
pprime



I p

2.5 Completing our Discussion

Definition let k be a field 1.1 an abs v al on k
A sequence of efts xn new of k is Cauchy if HE o
FM 1 xn Xm k E i f n m M

Ex for l lo on Q
33.0333 3 I

333 3.14
003 c i

Ex for l Is on Q

4 2

4 t 4.5 21 3.5

4 451 4 52 2 3.5 1.52
4531 1 4 4.5 4.544.53 Z 3.5 1.52 353

53
ic

Definition a field k is completewithrespectto an abs.ua

I I if every Cauchy sequence has a limit in K

Q is not complete w rt I I You can find asequence



q

xn new S.t time X 2 but 2 has no son

in Q

Similarly for 117 we founda sequence xn n in

4 EIbi 7
i

such that 7 xn 2 so Ixn 2K so

I im
n ne xn

2

but x2 2 has no da in IQ so not complete
Wrt I 17

Rwas constructed as a completion of Quirt t.la

R ffxn new xneQ lxnlCauchywrtilx3

xn n x if liml xn xn ly o

h 76

What if we complete Wrt ournewmetrics We define

xn new xneQ xn Cauchy wrt lip
p

xn n x if liml xn xn'tp
O

h IX

26 Old 0 017



2.6 Old Qp vs New p

Prop5 Cauchy is easy
Let 1 l be a nonarch Abs Val on afield k Then xn new
is a Cauchy sequence if and only if

I im
n sa lkn 41 0

Proof I f m n write m n tr Then

Xm XnI IXn r xn r itXn
i t n Xn I

CMaxElxn tr intr il lxn Xal

Corollary6 series convergence is easy
let 1 I be a nonarch Abs Val on a field k et Si i e w
be a sequence of ett of k and let

on Ehosn be a sequence of sums

If LifeIsnt o then on is Cauchy

Proof I ont onI Isnt prop 5

Recall Asequenceof integers Can new set

Of anEp 1 is coherent if V n Z l

a n E an modpm



Prop7 let p be a prime
If Ian neµ is a coherent sequenceof integers then
Carineµ is Cauchy w.r.tt 1 Ip

Proof p Cant an Ianti anIpEpt
him
n x anti anIp 0

Prop5 gives the result A

Prop8 let p be a prime
let bi Eno be a sequencewith bitEod PB

n inote Let an E bip
i no

then un is Cauchy wrt llp

Proof Ian ant I b m P Ip 1
prop5 Da


