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Background image Fernando Villegas Negrete

NB throughout this lecture it willdenote 1 Ip

5 1 Functions andContinuity
Wehave builtup Qlp as an analogue of IR We want to

develop atheory of functions on p



We define continuityderivatives like for 112

Definition
et UE p be an openset Afunction f U Qp is
continuous at xo C U if U E O F S o set

Ix x Ks Hx fexoticE

Ex polynomials inX cts everywhere sameproofasin IR

Nonex f x a for to and fco O give f If p O

but IEnl x

Definition
Let UE p be an openset Afunction f U Qp is
differentiable at XoC U if the limit

f Xo him f hath fGo exists
a O h

If f Xo existsVxotU we say f is differentiable inU

Ex polys inX differentiableeverywhere sameproofasin R
and for f X X

n f X nX
n t

We can also state the mean valuetheorem butitsfalse

Alsothere are functionswhich are notloc constant but



whosederiv is the zero function
z

Ex f Zp Q f C7aipi E ai pi 0
I 2 121 I 020 I

Wecan't do calculus etc the same way as in R

5.2 A Series of Fortunate Events
We focus now onfunctions defined bypower series
in112 this ishow e and SinX arise

Given a powerseries wewantto determine where it
defines a function i.e Where it converges the

region of convergence

Theorem5 3
Let f X IoanX COtpEXIT anddefine

p
1

LimsupNant
l l f p O then f x converges iff x O
2 I f p X then f x converges VxCQp more
3 If oceans and timelant 0 then fCx M straight

converges iff 1 1Ep f fowary
4 If oceans and finelantto then fc

th sink



O f n se l then fCx
converges iff 1 1Lp

5 LetDf x cQp f6 converge Thefunction

f Df 7 p X fCx

is continuous

Proof

Courtesy of

JoanneBeckford

Follows fromthe fact that Eanx converge iff
Lim la nxn1 0

Theproof for 5 is identicaltotheproof over R B

Example f X EphX

p limsup
p

limp P Yo I c cop
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Example g x EX f 1 lanl 40

Region of convergence for g
B O 1 p Ip

We can definegum product powerseries and

they are sum
iproduct functions

For fCX SanXn g X bnX
ft
g X Ela bunch

y n n

f g X anti reX
neo R 0

Canthe composition fog bewritten as a power
series If so how
Solve recursivelyfor whatthe cuffs of h X fogX
would have tobe call that the formalcomposition

Proposition5.4
Let f g h e QpGXD be as above let xEQpand suppose
I gCx converges
2 f converges at g x

3 tn bnxnlElgCx7l
Then had converges and f IgG h G

Note falsewithout 42,3
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Whatelsemight we want to do Recenter a powerseries
Wherewould the newseries converge

Theorem 5.5
let f X EanXn and let L ED f C f converges at d
For each m2 0 define

bm
m
nm and

m

g x Eobmly a
m

1 Theseries definingbmconverges bm
Z D f Dg same regionof convergence
3 For any x

CD f f x g x

Proof omitted 1 see Gouvea 5.4.27
But we note ETS f g have sane radio f

Convergence since 4 ED f nDg and p adicdisks
are either concentric or disjoint like drops of

Mercury Yves Andris



This is a cool fact but it means we can'tdoanalytic
continuation like wedo in Ct

On to derivatives and differences

Theorem5 G
et f
g
E QpEXIT andsuppose there is a non stationary

i e noteventually constant sequence Xm CQp
b'mXm O

S t f xm g xm Vm Then f X g X
1same

coefficients

ProofSketch Same as for IR WTS difference is 0

porerseries f f h CQpEXT h Xm constterm ofh
DE

Theorem5 7
let f X San X cQpaXD and let f be the
formal derivative of f X Let X E p If xEDf
then EDf and

f Limo fCxth f
h

proof if to we see

na x IL la X t I 1a x I o



In an X I E l anX I la X l 0

so f G converges

Next let re Df BIO r Suppose 1h14HER then

f htd
an nm xn mh

then I a nm nmum I Slant r
Woo doesnotdependonh

Sowe can get 4 0 and y
f C x E n an

n I

Ourcoveted result follows immediately

Theorem 5.8
Suppose f g

C paXD and that f g converge
for 1 1 p

If f G g1 ht1 1C p then 7 a constant EOp
f x g X tC

Proof f
g have the same coefficients hence so do 4g

aside from potentiallytheconstant term Dg

5.3 RootingAround because
pigsroot

around

We nowexplorethe zeros of functionsdefinedby power



plo ne by 10
series

But first an importantanduseful topological fact

Theorem5.9

Zp is compact

Proof Zp is a closedsubset ofQp which is
complete so Ip is complete
And for a O F N EN i

p
NC E And

2p it p R p

is a
covering

ofXp by finitelymanyballs of
radius E so Ip is alsototallybounded B

3

i
i i i
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Back to the zeros

Strassman'sTheorem
et f x Ioan X be a nonzero elf of paXD
Suppose fish an o C so fCx converges txt Ep
Let N be the integer set

IanI max lanl and lanlslant for a N
n c IN

Then thefunction f 7 Qp xt f x has a t

most N zeros

Also if 4 dm are the zeros off thenFgC plcxD
fCX X d H amgCX

s t g converges on Ip and has no zeros in Ip
Proof sketch induct on N rearrangeseries to factor
out X d for 2 a root Gouvea 5 4 G

Consequences
fhas finmanyzeros inZp



You'd.ie in.int eg.mze tiin
f cannot be periodic if f is nonconstant

If I Rt pm2 f n Hx tx Cpm'd f constant

nano
Next roots beyond p o

We'll takethe following theorem as ablackbox

Theorem5.11 Complex s but make it p adic
There exists a field Ep and a valuationup onClp

andhence nomarchabs val I I pH on Qp s t

l pcEp and It extends 1Ip
2 Clp is complete

i
algebraically closed

3 QFp is dense in Clp
4 Ev Ix x CEp Q

f

ffffffffffffffffffffffffffffffffffffffffffffft
Hr
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Tool for investigatingroots

Definition let k Ep or a fin ext of Qp

Let f aot a Xt it anXrCKEX Then the
Newton polygon of f denoted NP Cfl is the
lower convex hull in R2 of thepoints

S Ci up ai i O l n and ai to

Procedure let ropehangbelowpointsof 5 pull
upward until it is taut

Example NP Cf

f AT It 5 15 435 3 25
5 625 6

d f t t t t
S O O l D 12 t 13 D 15,27 16 4

OO
ht
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T
f a w 3
w 2

blue polygon_NpsCf

Wedefine the width of a line segment as thelengthof
its projection ontothe x axis

This simpledrawing gives us a ton of information
about the roots of f

Theorem 5.13
Let f aot a Xt aX't tank E K X Let
M Mr bethe slopesof NPp f with corresponding
widths wi Wr Then foreach k I E kE r f X
has exactlywar roots in Clp countingmultiplicity with
abs val pmk s o valuation Mk

partial Proof we will show that if fld o



e i th
then up d is a slope of Np If

upl0TvpffCdHvplE.oaiailZminupCaixil

moinE pN.it upCail

m.nl l.xty ix.y1CS

If the min is uniquely attained I becomes7
contradiction

We minimize gcx.gl wheregCxyl dpdx ty

Claim the min ofg overpoints of 5must
Occur at an extremal point of Npp fl

Q upd Xty C is
ooo

a lineofslope Upd

points sit gcx.gl C

upd Xty C's co
Q upd Xty c cc

g smaller at E

Corollary5.14 Eigensteins Criterion



y se s
Let p C7L be a prime and let

f X a ta Xt tan X t X C 7LEX

such that p I ai tis n and p Hao
Then f is irreducible over IQ

Proof

Npp ft g p p
one line segment

T slope th

I I width n
n h

Bytheorem all roots of f have valuationht
But if L is a root of g E EX and g
has degree d then Up dl E dt2

ex if ftp.zvpcd 3sovpCdFZ Dm

5 4 Connecting theDots anotherway

Wewillnowstepback and talk abouthow to construct
p adic functions via interpolation

PictureinIR
n

N
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Example inQp if c C Ip and a C 2 we can

define f a c
a
C C C

w
9 times

or flat I I a time if a co

want to extend f to a function defined on
more of Qp

PicturesinIR

i
g

int

v
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Definition
For a valued field K and set S E K a function
F S K is uniformlycontinuous if t E 0

I 870 SI Ex y E
S

Ix y l
e s I f x f y KE

f
same8works VX

Proposition 5.16
et S EXp be a dense subset and let f S Op
be a functionThen 7 a continuous extension
If Dp p of f to Elp iff f is bounded and

uniformly continuous If Iexists it is unique

Proof anyextension F is uniquebydensityofS
I f I ig cts it is bold I unit ctsby compactness

f Ip



If E I
p
then X himkn tou xnES

So lion flare fc 1 0 since f bdd unit Cts
Sowe define

I x dim ft xn C

What does this look like in p

Proposition 5 17
For a set 5 E p a function F S K is

Uniformlycontinuous if tm t7L F N
C 2

d p modpN f N fcp modpm

Hence f t boundedness on a dense set is enough to
check for existence of interpolation of a function


